Linearni regrese, vybeér atributu,

regularizace

Fas

f=(X"X)"'X"y

 AIC, BIC, krosvalidace

e exercises.RData
e toclustf.RData
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Korelovana pozorovani (rezidua)

» zpravidla podhodnocuje odhad chyby.
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FIGURE 3.10. Plots of residuals from simulated time series date sets generated
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Nekonstantni rozptyl rezidui

* log transformace. vazeneé neimensi Ctverce

Response ¥ Response log (Y
|
— 093 g —
adt”
L}

w9 w _ SN e
T [ax]
= =
= =
2 o & o -
o (i

"r’-_-*\\—__———_

B05

-10

-5
]

-08 -06 -04 -02 0O
|

&7
437

I I I I I I
10 15 20 25 20 24 2.6 25 2.0 2.2 2.4

Fitted values Fitted values

FIGURE 3.11. Kesidual plots. In each plot, the red line i a smooth fit to the
restduals, intended to make it easier to identify a trend. The blue lines track the
outer quantiles of the residuals, and emphasize patierns. Left: The funnel shape
indicates heteroscedasticity. Right: The predictor has been log-transformed, and
there is now no evidence of heteroscedasticity.
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FIGURE 3.5. For the Advertising dafa, a linear regression fit to sales using
TV and radio as predictors. From the pattern of the residuals, we can see that
there 18 a pronounced non-linear relationship in the data.



Vicerozmerna linearni regre

M d I Y:50+.61X1+52X2+”++5PXP+6
. n
Odel. sales = By + 31 X TV + By X radio + B3 X newspaper + ¢

e p — pocet vstupnich promennych
 minimalizaci RSS dostaneme koeficienty .

Coefficient Std. error t-statistic p-value
Intercept 2.939 0.3119 9.42 <« 0.0001
TV 0.046 0.0014 32.81 < 0.0001
radio 0.189 0.0086 21.89 < 0.0001
newspaper —0.001 0.0059 —0.18 0.8599

Coefficient Std. error t-statistic p-value

° jednorozmérné: Intercept 12.351 0.621 19.88 < 0.0001

newspaper 0.055 0.017 3.30 < 0.0001

» Je inzerce v novinach (dle modelu) dulezita?




Kolinearita
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FIGURE 3.15. Con,tow Plom ﬁ,)T th Coefficient Std. error t-statistic p-value
3 for vartous regresstons involving t
dots represent the coefficient values Intercept —173.411 43.828 —3.957 < 0.0001
A contour plot of RSS for the regre. Model 1 age —2.292 0.672 —3.407  0.0007
minimum value is well defined. Righ limit 0.173 0.005 34.496 < 0.0001
of balance onto rating and 1limit. Intercept —377.537 A45.254 —&8.343 < 0.0001
pairs (Blimit, Brating) with a stimilar va  Model 2  rating 2.202 0.952 2.312 0.0213
limit 0.025 0.064 0.3584 0.7012

TABLE 3.11. The results for two multiple regression models involving the
1 Credit data set are shown. Model 1 is a regression of balance on age and limit,
and Model 2 a regression of balance on rating aend limit. The standard error
of ﬁ“mit increases 12-fold in the second regression, due to collinearity.




Kvalitativni (diskretni) promenné

» Kodujeme 0/1, vicehodnotove pro kazdou(-1)
hodnotu zvlast.

e Pr. narodnost

Bo+71+e; if ith person is Asian
¥ = PotPizii+ 5@ t€e; = { Bo+/3:+€;  if ith person is Caucasian

Bo+e; if ¢th person is African American

Coefficient Std. error t-statistic p-value

Intercept 531.00 46.32 11.464 < 0.0001
ethnicity[Asian] —18.69 65.02 —0.287 0.7740
ethnicity[Caucasian] —12.50 56.68 —0.221 0.8260

TABLE 3.8. Least squares coefficient estimates associated with the regression

of balance onto ethnicity in the Credit date sef. The linear model is given in
(3.30). That is, ethnicity is encoded via two dummy variables (3.28) and (3.29).



balance;

Ruzny sklon pro tridy LR nezjisti

T

Bo + 31 X income; + {

31 % income; + {
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FIGURE 3.7. For the Credit dafa, the least squares lines are shown for pre-
diction of balance from income for students and non-students. Left: The model
(3.34) was fit. There is no interaction between income and student. Right: The
model (3.35) was fit. There is an interaction term between income and student.

3o if ith person is a student

0 if ¢ith person is not a student

Bo + B2 if 7th person is a student
B0 if ¢th person is not a student.

balance; = [+ 81 X income; +

{ﬁg + 33 X income
0

if student

if not studen



Outliers (odlehla pozorovani)
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FIGURE 3.12. Left: The least squares regression line ts shown in red, and the

regresston line after remouving the outlier is shown in blue. Center: The residual
plot clearly identifies the outlier. Right: The outlier has a studentized residual of
6, typrcally we expect values between —3 and 3.

 Chyba v datech nebo chybejici prediktor?



High leverage — vzdalena X
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FIGURE 3.13. Left: Observation 41 is a high leverage point, while 20 is not.
The red line is the fit to all the data, and the blue line is the fit with observation
41 removed. Center: The red observation is not unusual tn terms of its X value
or its Xy value, but still falls outside the bulk of the data, and hence has high
leverage. Right: Observaiion 41 has a high leverage and a high residual.

* leverage statistics: diagonala H=X(X"X)"'X".

e Jednorozmerne: . Z,,}“( z)" -
y—1(zs — T)*

=



Why Linear Model Regularization?

* Linear models are simple, BUT
e consider p>>N,

« we have more features than data records

e we can (often) learn model with O training error

- even for independent features!
- it is overfitted model.

* Less features in the model may lead to smaller
test error.

* We add constrains or a penalty on coefficients.
 Model with fewer features is more interpretable:



Selection, Regularization Methods

e Subset Selection
» evaluate all subsets and select the best model (CV)
» Shrinkage (reguralization):

* a penalty on coefficients size shrunks them towards
Zero

e Dimension Reduction:

e from p dimension select M-dimensional subspace,
M<p.

« fit a linear model in this M-dim. subspace.

12



Best Subset Selection

« Null model Moy predicts ?(x) =y
 for( kin 1:p)
o fit (i) models with exactly k predictors

* select the one with smallest RSS, or equiv. largest R?
- denote it M,

using crossvalidation, AIC, BIC or adjusted R*.

13



Best Subset Selection
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Subset Size k

 tractable up to p=30,40.

» Simillarly, for logistic regression

e with deviance as error measure instead of RSS,
« again, CV for model 'size' selection.

14



Forward Stepwise Selection

« Null model Mo predicts ?(x) =y

o for( k in O:(p-1))

e consider (p-k) adding one predictor to M;

* select the one with smallest RSS, or equiv. largest R?

- denote it M1

e using crossvalidation, AIC, BIC or adjusted R*.

15



Backward Stepwise Selection

 Full model M, with p predictors (standard LR).

. for(k in (p-1):0)
e consider (k+1) models removing one predictor fror M+

* select the one with smallest RSS, or equiv. largest R?
- denote it M,

e using crossvalidation, AIC, BIC or adjusted R*.

16



Hybrid Approaches

e go Forward, any time try to eliminate useless
predictor.

* Each algorithm may provide different subset for
a given size k (except 0 and p ;-)

* None of these has to be optimal with respect to
mean test error.

17



Choosing the Optimal Model

 Two main approaches:

* Analytical criteria, adjustment to the training
error to reduce overfitting (‘penalty’)

e should not be used for p>>N!
* Direct estimate of test error, either

 validation set
e Or cross-validation approach.

18



Analytical Criteria

 Mallow 'in sample error estimate'
Cp = % (RSS + 2d6?)

« Akaike: (more general, proportional to Cp here)

| R N
AIC = —5 (RSS + 2d67)

» Bayesian Information Criterion:
BIC = e (RSS + log(n)da?)

n

* AdeSted R? RSS/(n —d—1)

Adjusted R =1 —
djustec TSS/(H ~ 1)

RSS
equiv. minimize 5 _—4_1 TSS = (vi— )
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Validation and Cross-Validation

 Validation: at the beginning,

» exclude 1/4 of data samples from training
e use them for error estimation for model selection.

» Cross-Validation: at the beginning,

» split data records into k=10 folds,

e forkin 1:10

- hide k-th fold for training
- use it for error estimation for model selection.

Note: different runs may provide different subsets of size 3,



Square Root of BIC
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One Standard Error Rule

e take the model size with the minimal CV error
o calculate 1 std. err. interval arround this error,

e select the smallest model with error inside this
Interval.

All Subsets Fidge Kegression
o s
i o
=+ =+
5 O 5 2
w0 0
= =
o 2 ER=
o [am]
= =
I e s et i e e e i o R i e e i It el
(o] =
T
0 2 4 B 3 0 2 4 G 3
Subset Size Degrees of Freedom
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Shrinkage Methods

Penalty for non-zero model parameters,
no penalty for intercept.

M

_ N e v
Rldge: [Frides — arg;mjn{Z(yi — 3 — Zmij,@j)g + }.Z,@?}.
§=1 j=1

B i=1

Lasso:

n
=1

p : L
ﬁlasso _ ElIg;Tﬂﬂ{ Z (U: — Bo — Z xff,i',j) + A Z |i1| }
j=1 J=1

24



Ridge

N P r
ﬁridge:ar%ﬁﬂ{Z(yi_ﬁo —Zmzjﬁj)g—l—)kzu'@f} A=)
i=1 i=1 7=1

Parameter lambda penalizes the sum of B .
5 intentionally excluded from the penalty.
we can center features and fix:

Bo by 7= & 201 Y
For centered featues: £9& = (XTX + AI) ' XTy,
for orthonormal features:  jrides — /(1 4 A).
Dependent on scale: standardization usefull.

25



Ridge coef. - Cancer example
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Lasso regression

) . 1 N T e
ﬁlasso _ Mgmn{ﬁz(% _ f@O _ Z;mijf@j)g 4 ,‘\2; |ﬁj|}
= 1= 1=

B

e the penalty is > |8;
e it forces some coefficients to be zero
e an equvivalent specification:

N e, 5
Slass=o .
B = HT%YHHZ(% — o — Zﬂ?m‘jf@j)
5=1 =1

r

subject to Z 18;] < 1.

i=1

27



Ridge x Lasso
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Linear Models for Regression

TABLE 3.3. Estimated coefficients and test error results, for different subset
and shrinkoge methods applied to the prostate data. The blank eniries correspond
to wariables omitted.

Term LS  Best Subset Ridge Lasso PCR PL5
Intercept 2.465 2477 2.452  2.468 2.497 2.452
lcavol 0.680 0.740 0.420  0.533 0.543 0.419
lweight 0.263 0.316 0.238 0.169 0.289 0.344
age —0.141 —0.046 —0.152 —0.026

1bph 0.210 0.162  0.002 0.214 0.220

8vi 0.305 0.227  0.004 0.315 0.243

lep —0.288 0.000 —0.0561 0.079
gleason —0.021 0.040 0.232 0.011
pgedbh 0.267 0.133 —.056 0.084
Test Error 0.521 0.492 0.492  0.479 0.449 0.528
Std Error 0.179 0.143 0.165 0.164 0.105 0.152

* Ridge, Lasso — penalization

» PCR, PLS — coordinate system change +
dimension selection



Cross-Validation Error

Example

p=45, n=50, 2 predictors relate to output.
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3z

Corellated X, Parameter Shrinkage

Best Subset

p=—05

/@ Least Squares




Best subset, Ridge, Lasso

» Coefficient change for orthonormal features:

Estimator Formula

Best subset (size M) ,@j : I(|Bg‘ > |#§(M}JD

Ridge B,/ (1+X)
Lasso sien(3,)(|13;] — M)+
Best Subset Fidze Lasso
, A
|I |.-'§{M}| &
(a,m (0,0 (a,m

32



PCR, PLS

 PCR Principal component regression

 select direction corresponding to largest
eigenvalues

» for these directions, regression coeft. are fitted.
* For size=p equivalent with linear regression.

» Partial least squares — considers Y for selection

 calculates regression coefficients

« weight features and calculate eigenvalues

» select the first direction of PLS,

 other direction simillar, orthogonal to the first. 3



Bias-variance decomposition

MSE(zo) = E7[f(x0) — o]’
= E7ldo — E7(90)]° + [E7(g0) — f(=0)]?
= Vary(go) + Bias®(go).

* Bias — 'systematic error',
« usually caused by restricted model subspace
* Var — variance of the estimate

 we wish both to be zero.
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Example: Lasso, Ridge Regression

e red: MSE
e green: variance
* black: squared Bias

Mean Squared Error
0 0 20 30 0 0 80

Mean Squared Error
0 0 20 30 0 0 80

3\ R? on Training Data

penalty positive



MSE: 100 observations, p differs

p =20
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Penalty ~ prior model probability

. M T e
Ridge  jricee _ ar@mﬂ{zm =D wil)’ A ﬂf}-
B i=1 j=1 j=1
e wWe assume prior probability of parameters
 3;independent, N(0,7?)
yi ~ N(Bo + xf 3,07

A= 0.2/,?_2
then Ridge is most likely estimate (posterior mode).
e Bayes formula P(/a’/X>=P(X1/f<”))('§D</”>

- P(X) constant, P(g) prior probability,
- P(x/p) likelihood, P(B/X) posterior probability. 38



Prior Probability Ridge, Laso

* Ridge: Normal distribution
» Lasso: Laplace distribution

iexp x=p
2b b
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Principal Component Analysis
PCA

sample covariance matrix is given by 8§ = XY X/N,

T 2xrl
X_ X_ — VD V ’ Largest Principal o

Component
eigenvectors v; (columns of V)

principal components
directions of X.,

B2

d% smallest Principal

Zy = X’Ul = I_lldl. Var(zi) = VaI(X’Ul) = ﬁ? Component

40
(vlastni Cisla, vlastni vektory)



