
Linear methods for classification and their extensions

Logistic regression
linear and quadratic discriminant analysis
optimal separating hyperplane
Support vector machines with kernels, that are nonlinear (later)
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Probability of the data given the model

Assume we have 15 red balls and 5 blue balls in a bag.
Repeat 5x:

select a ball
put it back.

The probability of the sequence red, blue, blue,red, red is 3
4 ·

1
4 ·

1
4 ·

3
4 ·

3
4 .

The logarithm log2 of the probability is ≈ −0.4− 2− 2− 0.4− 0.4 = −5.2
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Likelihood of the model given the data

Assume we do not know the probabilities, let θ be the probability of red . We
have following probabilities of data for different θ.
θ red blue blue red red
3
4

3
4

1
4

1
4

3
4

3
4

33
45

Take the log2 of the probabilities:
θ red blue blue red red
1
2 −1 −1 −1 −1 −1 −5
3
5 −0.74 −1.32 −1.32 −0.74 −0.74 −4.86
3
4 −0.4 −2 −2 −0.4 −0.4 −5.2

Probability of the data given model is called likelihood of the model θ given
the data.
Maximum likelihood θ estimate is in our case 3

5 .
Predicting probabilities, maximum likelihood estimate is the same as
maximum log-likelihood estimate.
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(Log)likelihood
train data prediction likelihood loglik
xi gi P(green|xi ) P(blue|xi ) P(yellow |xi )
1 green 1

2 0 1
2

1
2 −1

1 yellow 1
2 0 1

2
1
2 −1

2 green 2
3

1
3 0 2

3 log2 23
2 green 2

3
1
3 0 2

3 log2 23
2 blue 2

3
1
3 0 1

3 −log23
3 blue 0 1 0 1 0

−2− log23
+2log2 23

loglik logarithm of likelihood function is defined as:

l(θ) =
N∑

i=1
log(P(G = gi |xi , θ))

Logistic regression uses:
P(G = Gk |X = x) = eβk0+βT

k x

1+
∑

l=1,...,K−1
eβl0+βT

l x .
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Logistic Function

Probability should be from the interval 〈0, 1〉.
Linear prediction is transformed by logistic function (sigmoid) with the
maximum L.
logistic L

1+e−k(x−x0) .
Inverse function is called logit.
logit log p

1−p , 4.3 Logistic Regression 131
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FIGURE 4.2. Classification using the Default data. Left: Estimated probabil-
ity of default using linear regression. Some estimated probabilities are negative!
The orange ticks indicate the 0/1 values coded for default(No or Yes). Right:
Predicted probabilities of default using logistic regression. All probabilities lie
between 0 and 1.

For the Default data, logistic regression models the probability of default.
For example, the probability of default given balance can be written as

Pr(default = Yes|balance).

The values of Pr(default = Yes|balance), which we abbreviate
p(balance), will range between 0 and 1. Then for any given value of balance,
a prediction can be made for default. For example, one might predict
default = Yes for any individual for whom p(balance) > 0.5. Alterna-
tively, if a company wishes to be conservative in predicting individuals who
are at risk for default, then they may choose to use a lower threshold, such
as p(balance) > 0.1.

4.3.1 The Logistic Model

How should we model the relationship between p(X) = Pr(Y = 1|X) and
X? (For convenience we are using the generic 0/1 coding for the response).
In Section 4.2 we talked of using a linear regression model to represent
these probabilities:

p(X) = β0 + β1X. (4.1)

If we use this approach to predict default=Yes using balance, then we
obtain the model shown in the left-hand panel of Figure 4.2. Here we see
the problem with this approach: for balances close to zero we predict a
negative probability of default; if we were to predict for very large balances,
we would get values bigger than 1. These predictions are not sensible, since
of course the true probability of default, regardless of credit card balance,
must fall between 0 and 1. This problem is not unique to the credit default
data. Any time a straight line is fit to a binary response that is coded as
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Logistic Regression

For K– class classification we estimate 2× (K − 1) parameters
θ = {β10, βT

1 , . . . , β(K−1)0, β
T
K−1}.

log P(G = G1|X = x)
P(G = GK |X = x) = β10 + βT

1 x

log P(G = G2|X = x)
P(G = GK |X = x) = β20 + βT

2 x

...

log P(G = GK−1|X = x)
P(G = GK |X = x) = β(K−1)0 + βT

K−1x

that is

pk(x ; θ)← P(G = Gk |X = x) = eβk0+βT
k x

1 +
∑

l=1,...,K−1 eβl0+βT
l x

pK (x ; θ)← P(G = GK |X = x) = 1
1 +

∑
l=1,...,K−1 eβl0+βT

l x .
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Fitting Logistic Regression Two class
This model is estimated iteratively maximizing conditional likelihood of G
given X .

`(θ) =
N∑

i=1
log pgi (xi ; θ)

Two class model: gi encoded via a 0/1 response yi ; yi = 1 iff gk = g1.
Let p(x ; θ) = p1(x ; θ), p2(x ; θ) = 1− p(x ; θ). Then:

`(θ) =
N∑

i=1
(yi log p(xi ;β) + (1− yi ) log(1− p(xi ;β))

=
N∑

i=1
(yiβ

T xi − log(1 + eβ
T xi ))

Set derivatives to zero:

∂`(β)
∂β

=
N∑

i=1
xi (yi − p(xi ;β)) = 0,

which is p + 1 nonlinear equations in β.
First component: xi ≡ 1 specifies

∑N
i=1 yi =

∑N
i=1 p(xi ;β) the expected

number of class g1 matches.Machine Learning Linear methods for classification 5 173 - 211 March 30, 2021 109 / 315



Newton–Raphson Algorithm

We use Newton–Raphson Algorithm to solve the system of equations

∂`(β)
∂β

=
N∑

i=1
xi (yi − p(xi ;β)) = 0,

we need the second–derivative or Hessian matrix

∂2`(β)
∂β∂βT = −

N∑
i=1

xixT
i p(xi ;β)(1− p(xi ;β)).

Starting with βold a single Newton–Raphson update is

βnew = βold −
(
∂2`(β)
∂β∂βT

)−1
∂`(β)
∂β

,

where the derivatives are evaluated at βold .
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Newton–Raphson Algorithm in Matrix Notation
Let us denote:

y the vector of yi
X N × (p + 1) data matrix xi
p the vector of fitted probabilities with ith element p(xi ;βold )
W diagonal matrix with weights p(xi ;βold )(1− p(xi ;βold ))

∂`(β)
∂β = XT (y− p)

∂2`(β)
∂β∂βT = −XTWX

The Newton–Raphson step is (β0 ← 0)
βnew = βold + (XTWX)−1XT (y− p)

= (XTWX)−1XTW(Xβold + W−1(y− p))
= (XTWX)−1XTWz

z = Xβold + W−1(y− p) adjusted response

p,W , z change each step
This algorithm is reffered to as iteratively reweighted least squares IRLS

βnew ← argmin
β

(z− Xβ)TW(z− Xβ)
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South African Heart Disease

Analyzing the risk factors of myocardian infarction MI
prevalence 5.1%, in the data 160 positive 302 controls122 4. Linear Methods for Classification

TABLE 4.2. Results from a logistic regression fit to the South African heart
disease data.

Coefficient Std. Error Z Score

(Intercept) −4.130 0.964 −4.285
sbp 0.006 0.006 1.023

tobacco 0.080 0.026 3.034
ldl 0.185 0.057 3.219

famhist 0.939 0.225 4.178
obesity -0.035 0.029 −1.187
alcohol 0.001 0.004 0.136

age 0.043 0.010 4.184

in explaining the outcome. Typically many models are fit in a search for a
parsimonious model involving a subset of the variables, possibly with some
interactions terms. The following example illustrates some of the issues
involved.

4.4.2 Example: South African Heart Disease

Here we present an analysis of binary data to illustrate the traditional
statistical use of the logistic regression model. The data in Figure 4.12 are a
subset of the Coronary Risk-Factor Study (CORIS) baseline survey, carried
out in three rural areas of the Western Cape, South Africa (Rousseauw et
al., 1983). The aim of the study was to establish the intensity of ischemic
heart disease risk factors in that high-incidence region. The data represent
white males between 15 and 64, and the response variable is the presence or
absence of myocardial infarction (MI) at the time of the survey (the overall
prevalence of MI was 5.1% in this region). There are 160 cases in our data
set, and a sample of 302 controls. These data are described in more detail
in Hastie and Tibshirani (1987).

We fit a logistic-regression model by maximum likelihood, giving the
results shown in Table 4.2. This summary includes Z scores for each of the
coefficients in the model (coefficients divided by their standard errors); a
nonsignificant Z score suggests a coefficient can be dropped from the model.
Each of these correspond formally to a test of the null hypothesis that the
coefficient in question is zero, while all the others are not (also known as
the Wald test). A Z score greater than approximately 2 in absolute value
is significant at the 5% level.

There are some surprises in this table of coefficients, which must be in-
terpreted with caution. Systolic blood pressure (sbp) is not significant! Nor
is obesity, and its sign is negative. This confusion is a result of the corre-
lation between the set of predictors. On their own, both sbp and obesity

are significant, and with positive sign. However, in the presence of many

Wald test: Z score |Z | > 2 is significant at at the 5% level.124 4. Linear Methods for Classification

TABLE 4.3. Results from stepwise logistic regression fit to South African heart
disease data.

Coefficient Std. Error Z score

(Intercept) −4.204 0.498 −8.45
tobacco 0.081 0.026 3.16

ldl 0.168 0.054 3.09
famhist 0.924 0.223 4.14

age 0.044 0.010 4.52

other correlated variables, they are no longer needed (and can even get a
negative sign).

At this stage the analyst might do some model selection; find a subset
of the variables that are sufficient for explaining their joint effect on the
prevalence of chd. One way to proceed by is to drop the least significant co-
efficient, and refit the model. This is done repeatedly until no further terms
can be dropped from the model. This gave the model shown in Table 4.3.

A better but more time-consuming strategy is to refit each of the models
with one variable removed, and then perform an analysis of deviance to
decide which variable to exclude. The residual deviance of a fitted model
is minus twice its log-likelihood, and the deviance between two models is
the difference of their individual residual deviances (in analogy to sums-of-
squares). This strategy gave the same final model as above.

How does one interpret a coefficient of 0.081 (Std. Error = 0.026) for
tobacco, for example? Tobacco is measured in total lifetime usage in kilo-
grams, with a median of 1.0kg for the controls and 4.1kg for the cases. Thus
an increase of 1kg in lifetime tobacco usage accounts for an increase in the
odds of coronary heart disease of exp(0.081) = 1.084 or 8.4%. Incorporat-
ing the standard error we get an approximate 95% confidence interval of
exp(0.081 ± 2 × 0.026) = (1.03, 1.14).

We return to these data in Chapter 5, where we see that some of the
variables have nonlinear effects, and when modeled appropriately, are not
excluded from the model.

4.4.3 Quadratic Approximations and Inference

The maximum-likelihood parameter estimates β̂ satisfy a self-consistency
relationship: they are the coefficients of a weighted least squares fit, where
the responses are

zi = xT
i β̂ +

(yi − p̂i)

p̂i(1 − p̂i)
, (4.29)
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South African Heart Disease

Wald test: Z score |Z | > 2 is significant at at the 5% level.124 4. Linear Methods for Classification

TABLE 4.3. Results from stepwise logistic regression fit to South African heart
disease data.

Coefficient Std. Error Z score

(Intercept) −4.204 0.498 −8.45
tobacco 0.081 0.026 3.16

ldl 0.168 0.054 3.09
famhist 0.924 0.223 4.14

age 0.044 0.010 4.52

other correlated variables, they are no longer needed (and can even get a
negative sign).

At this stage the analyst might do some model selection; find a subset
of the variables that are sufficient for explaining their joint effect on the
prevalence of chd. One way to proceed by is to drop the least significant co-
efficient, and refit the model. This is done repeatedly until no further terms
can be dropped from the model. This gave the model shown in Table 4.3.

A better but more time-consuming strategy is to refit each of the models
with one variable removed, and then perform an analysis of deviance to
decide which variable to exclude. The residual deviance of a fitted model
is minus twice its log-likelihood, and the deviance between two models is
the difference of their individual residual deviances (in analogy to sums-of-
squares). This strategy gave the same final model as above.

How does one interpret a coefficient of 0.081 (Std. Error = 0.026) for
tobacco, for example? Tobacco is measured in total lifetime usage in kilo-
grams, with a median of 1.0kg for the controls and 4.1kg for the cases. Thus
an increase of 1kg in lifetime tobacco usage accounts for an increase in the
odds of coronary heart disease of exp(0.081) = 1.084 or 8.4%. Incorporat-
ing the standard error we get an approximate 95% confidence interval of
exp(0.081 ± 2 × 0.026) = (1.03, 1.14).

We return to these data in Chapter 5, where we see that some of the
variables have nonlinear effects, and when modeled appropriately, are not
excluded from the model.

4.4.3 Quadratic Approximations and Inference

The maximum-likelihood parameter estimates β̂ satisfy a self-consistency
relationship: they are the coefficients of a weighted least squares fit, where
the responses are

zi = xT
i β̂ +

(yi − p̂i)

p̂i(1 − p̂i)
, (4.29)

P(MI|xi , θ) = e−4.204+0.081xtobacco +0.168xldl +0.924xfamhist +0.044xage

1+(e−4.204+0.081xtobacco +0.168xldl +0.924xfamhist +0.044xage )

Interval estimate oddstobacco = e0.081±2×0.026 = (1.03, 1.14) increase of odds
of MI based of the increase of xtobacco .
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L1 regularization ’Lasso’-like

argmaxβ0,β(
N∑

i=1
(yi (β0 + βT xi )− log(1 + e(β0+βT xi )))− λ

p∑
j=1
|βj |)

Newton–Raphson Algorithm or nonlinear programming.
λ = 0 standard logistic regression.
λ→∞ moves coefficients towards 0.
β0 is not included into the penalty.

126 4. Linear Methods for Classification

concave, and a solution can be found using nonlinear programming meth-
ods (Koh et al., 2007, for example). Alternatively, using the same quadratic
approximations that were used in the Newton algorithm in Section 4.4.1,
we can solve (4.31) by repeated application of a weighted lasso algorithm.
Interestingly, the score equations [see (4.24)] for the variables with non-zero
coefficients have the form

xT
j (y − p) = λ · sign(βj), (4.32)

which generalizes (3.58) in Section 3.4.4; the active variables are tied in
their generalized correlation with the residuals.

Path algorithms such as LAR for lasso are more difficult, because the
coefficient profiles are piecewise smooth rather than linear. Nevertheless,
progress can be made using quadratic approximations.
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FIGURE 4.13. L1 regularized logistic regression coefficients for the South
African heart disease data, plotted as a function of the L1 norm. The variables
were all standardized to have unit variance. The profiles are computed exactly at
each of the plotted points.

Figure 4.13 shows the L1 regularization path for the South African
heart disease data of Section 4.4.2. This was produced using the R package
glmpath (Park and Hastie, 2007), which uses predictor–corrector methods
of convex optimization to identify the exact values of λ at which the active
set of non-zero coefficients changes (vertical lines in the figure). Here the
profiles look almost linear; in other examples the curvature will be more
visible.

Coordinate descent methods (Section 3.8.6) are very efficient for comput-
ing the coefficient profiles on a grid of values for λ. The R package glmnet
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Linear Discriminant Analysis

LDA gives similar results as LR for two classes. It avoids masking in
k–dimensional classification.
LDA assumes multivariate gaussian distribution of each class with a common
covariance matrix.

φ(k) = 1√
|2πΣ|

e− 1
2 (x−µk )Σ−1(x−µk )

Under this assumptions it provides bayes optimal estimate.
Different covariance matrix for each class leads to Quadratic Discriminant
Analysis.
Let us denote Nk number of training data in the class Gk .

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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Linear Discriminant Analysis

FIGURE 4.4. A two-dimensional plot of the vowel
training data. There are eleven classes with X ∈ IR10,
and this is the best view in terms of a LDA model (Sec-
tion 4.3.3). The heavy circles are the projected mean
vectors for each class. The class overlap is consider-
able.

140 4. Classification
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FIGURE 4.4. Left: Two one-dimensional normal density functions are shown.
The dashed vertical line represents the Bayes decision boundary. Right: 20 obser-
vations were drawn from each of the two classes, and are shown as histograms.
The Bayes decision boundary is again shown as a dashed vertical line. The solid
vertical line represents the LDA decision boundary estimated from the training
data.

X = x to the class for which (4.12) is largest. Taking the log of (4.12)
and rearranging the terms, it is not hard to show that this is equivalent to
assigning the observation to the class for which

δk(x) = x · μk

σ2
− μ2

k

2σ2
+ log(πk) (4.13)

is largest. For instance, if K = 2 and π1 = π2, then the Bayes classifier
assigns an observation to class 1 if 2x (μ1 − μ2) > μ2

1 − μ2
2, and to class

2 otherwise. In this case, the Bayes decision boundary corresponds to the
point where

x =
μ2

1 − μ2
2

2(μ1 − μ2)
=

μ1 + μ2

2
. (4.14)

An example is shown in the left-hand panel of Figure 4.4. The two normal
density functions that are displayed, f1(x) and f2(x), represent two distinct
classes. The mean and variance parameters for the two density functions
are μ1 = −1.25, μ2 = 1.25, and σ2

1 = σ2
2 = 1. The two densities overlap,

and so given that X = x, there is some uncertainty about the class to which
the observation belongs. If we assume that an observation is equally likely
to come from either class—that is, π1 = π2 = 0.5—then by inspection of
(4.14), we see that the Bayes classifier assigns the observation to class 1
if x < 0 and class 2 otherwise. Note that in this case, we can compute
the Bayes classifier because we know that X is drawn from a Gaussian
distribution within each class, and we know all of the parameters involved.
In a real-life situation, we are not able to calculate the Bayes classifier.

In practice, even if we are quite certain of our assumption that X is drawn
from a Gaussian distribution within each class, we still have to estimate
the parameters μ1, . . . , μK , π1, . . . , πK , and σ2. The linear discriminant
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Linear Discriminant Analysis

P(G = Gk |X = x) = φk(x)πk∑K
`=1 φ`(x)π`

π̂k = Nk
N

φk(x) = N(µk ,Σ)

µ̂k =
∑
{xi :G(xi )=Gk} xi

Nk

Σ̂ =
K∑

k=1

∑
{xi :G(xi )=Gk}

(xi − µk)T (xi − µk)
(N − K )

To classify new instance x we predict the Gk with maximal δk :

δk(x) = xT Σ−1µk −
1
2µ

T
k Σ−1µk + logπk
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Linear Discriminant AnalysisElements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

+ +

+
3

21

1

1

2

3

3

3

1

2

3

3

2

1 1 21

1

3

3

1 21

2

3

2

3

3

1

2

2

1

1

1

1

3

2

2

2

2

1 3

2 2

3

1

3

1

3

3 2

1

3

3

2

3

1

3

3

2
1

3
3

2

2

3
2

2

21
1

1

1

1

2

1

3

3

1
1

3

3
2

2

2

23

1

2

FIGURE 4.5. The left panel shows three Gaussian
distributions, with the same covariance and different
means. Included are the contours of constant density
enclosing 95% of the probability in each case. The
Bayes decision boundaries between each pair of classes
are shown (broken straight lines), and the Bayes de-
cision boundaries separating all three classes are the
thicker solid lines (a subset of the former). On the
right we see a sample of 30 drawn from each Gaussian
distribution, and the fitted LDA decision boundaries.

Example Vovel data ESL X ∈ R10:
train test

Linear regression 0.48 0.67
Linear discriminant analysis 0.32 0.56

Quadratic discriminant analysis 0.01 0.53
Logistic regression 0.22 0.51
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Quadratic Discriminant Analysis

P(G = Gk |X = x) = fk(x)πk∑K
`=1 f`(x)π`

π̂k = Nk
N

fk(x) = N(µk ,Σk)

µ̂k =
∑
{xi :G(xi )=Gk} xi

Nk

Σ̂k =
∑

{xi :G(xi )=Gk}

(xi − µk)T (xi − µk)
(|Gk | − 1)

To classify new instance x we predict the Gk with maximal δk :

δk(x) = −1
2 log |Σk | −

1
2 (xT − µk)T Σ−1k (xT − µk) + log πk
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Quadratic and Regularized Discriminant Analysis
Regularized:

Σ̂k(α) = αΣ̂k + (1− α)Σ̂

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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Regularized Discriminant Analysis on the Vowel Data

Test Data
Train Data

α

FIGURE 4.7. Test and training errors for the vowel
data, using regularized discriminant analysis with a se-
ries of values of α ∈ [0, 1]. The optimum for the test
data occurs around α = 0.9, close to quadratic discrim-
inant analysis.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.6. Two methods for fitting quadratic
boundaries. The left plot shows the quadratic de-
cision boundaries for the data in Figure 4.1 (ob-
tained using LDA in the five-dimensional space
X1, X2, X1X2, X

2
1 , X2

2 ). The right plot shows the
quadratic decision boundaries found by QDA. The dif-
ferences are small, as is usually the case.

LDA parameters:
(K − 1)× (p + 1)
QDA parameters:
(K − 1)× ( p(p+3)

2 + 1)
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Computations for LDA

O(N3), often O(N2.376)
QDA and LDA may be computed using matrix decomposition:

Compute the eigendecomposition for each
(x − µ̂k )T Σ̂k (x − µ̂k ) = [UT

k (x − µ̂k )]TD−1
k [UT

k (x − µ̂k )]
log |Σ̂k | =

∑
`
log dk`.

Using this decomposition, LDA classifier can be implemented by the following
pair of steps:

Sphere the data with respect to the common covariance estimate Σ̂:
X ∗ ← D− 1

2UT X , where Σ̂ = UDUT .
The common covariance estimate of X ∗ will now be the identity.
Classify to the closest class centroid in the transformed space, modulo the
effect of the class prior probabilities πk .
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Reduced–Rank Linear Discriminant Analysis

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

+

+
+

+

FIGURE 4.9. Although the line joining the cen-
troids defines the direction of greatest centroid spread,
the projected data overlap because of the covariance
(left panel). The discriminant direction minimizes this
overlap for Gaussian data (right panel).

maxa
aT Ba
aT Wa

Finding the sequence of optimal subspaces for LDA:
compute the K × p matrix of class centroids M and the common covariance
matrix W (within–class covariance);
compute M∗ = MW− 1

2 using the eigen–decomposition of W ;
compute B∗ between–class covariance, the covariance matrix of M∗ and its
eigen–decomposition B∗ = V ∗DBV ∗T .

order DB in the decreasing order
v∗

` of V ∗ in sequence define the coordinates of the optimal subspaces
Z` = vT

` X with v` = W − 1
2 v∗

` .
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Reduced–Rank Linear Discriminant Analysis
Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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Linear Discriminant Analysis

FIGURE 4.8. Four projections onto pairs of canon-
ical variates. Notice that as the rank of the canonical
variates increases, the centroids become less spread out.
In the lower right panel they appear to be superimposed,
and the classes most confused.
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Vovel Example

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.10. Training and test error rates for the
vowel data, as a function of the dimension of the dis-
criminant subspace. In this case the best error rate is
for dimension 2. Figure 4.11 shows the decision bound-
aries in this space.
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FIGURE 4.11. Decision boundaries for the vowel
training data, in the two-dimensional subspace spanned
by the first two canonical variates. Note that in any
higher-dimensional subspace, the decision boundaries
are higher-dimensional affine planes, and could not be
represented as lines.
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Local Likelihood and other methods
logistic and log-linear models involve the covariates in a linear fashion

l(β(x0)) =
N∑

i=1
Kλ(x0, xi )l(yi , xTβ(x0))

N∑
i=1

Kλ(x0, xi )
{

yiβ
T (xi − x0)− log(1 + eβ

T (xi−x0))
}Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 6
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FIGURE 6.12. Each plot shows the binary response
CHD (coronary heart disease) as a function of a risk
factor for the South African heart disease data. For
each plot we have computed the fitted prevalence of
CHD using a local linear logistic regression model. The
unexpected increase in the prevalence of CHD at the
lower ends of the ranges is because these are retrospec-
tive data, and some of the subjects had already un-
dergone treatment to reduce their blood pressure and
weight. The shaded region in the plot indicates an es-
timated pointwise standard error band.
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South African Heart Disease continued

Each feature Xj is approximated by a natural spline.
The overall model is:

logit[P(ch|X )] = θ0 + h1(X1)T θ1 + h2(X2)T θ2 + . . .+ hp(Xp)T θp

θj are vectors of coefficients multiplying their associated vector of natural
spline basis functions hj

four basis functions (three inner knots) per spline in this example.
binary familyhist with a single coefficient.
Combine all p vectors of basic functions into one big vector h(X ),
df = 1 +

∑p
j=1 dfj

each basis function is evaluated at each of the N samples
resulting in a N × df basis matrix H.
and use ’standard’ logistic regression.
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Alcohol not significant by
AIC test
covariance Cov(θ̂) is
estimated by
Σ̂ = (HTWH)−1

W the diagonal weight
matrix

variance of a single variable
j is:

vj (Xj ) = Var [fj (Xj )] =
hj (Xj )T Σ̂jjhj (Xj )

error bounds
f̂j(Xj)± 2

√
vj(Xj).

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 5
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FIGURE 5.4. Fitted natural-spline functions for each
of the terms in the final model selected by the stepwise
procedure. Included are pointwise standard-error bands.
The rug plot at the base of each figure indicates the
location of each of the sample values for that variable
(jittered to break ties)
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Separating hyperplane, Optimal separating hyperplane

Classification, we encode the goal class by −1 and 1, respectively.
separate the space x by a hyperplane
not necessary optimal for LDA;
logistic regression finds one if it exists
Perceptron finds separating hyperplane if it exists
exact position depends on initial parametersElements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.14. A toy example with two classes sep-
arable by a hyperplane. The orange line is the least
squares solution, which misclassifies one of the train-
ing points. Also shown are two blue separating hyper-
planes found by the perceptron learning algorithm with
different random starts.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (separble case)

We define Optimal Separating Hyperplane as a separating hyperplane with
maximal free space C without any data point around the hyperplane.
Formally:

max
β,β0,‖β‖=1

C

subject to yi (xT
i β + β0) ≥ C for all i = 1, . . . ,N.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 12
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4
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FIGURE 4.15. The linear algebra of a hyperplane
(affine set).
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Formally:
max

β,β0,‖β‖=1
C

subject to yi (xT
i β + β0) ≥ C for all i = 1, . . . ,N.

We re-define: ‖β‖ = 1 can be moved to the condition (and redefine β0):

1
‖β‖

yi (xT
i β + β0) ≥ C

Since for any β and β0 satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ‖β‖ = 1

C and we get:

min
β,β0

1
2‖β‖

2

subject to yi (xT
i β + β0) ≥ 1 pro i = 1, . . . ,N.

This is a convex optimization problem. The Lagrange function, to be minimized
w.r.t. β and β0, is:

LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].
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LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].

Setting the derivatives to zero, we obtain:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

Substituing these in LP we obtain the so–called Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
The solution is obtained by maximizing LD in the positive orthant, for which
standard software can be used.
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LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
In addition the solution must satisfy the Karush–Kuhn–Tucker conditions:

αi [yi (xT
i β + β0)− 1] = 0

for any i , therefore for any αi > 0 must [yi (xT
i β + β0)− 1] = 0, that means xi is

on the boundary of the slab and for all xi outside the boundary is αi = 0.
The boundary is defined by xi with αi > 0 – so called support vectors.
We classify new observations
Ĝ(x) = sign(xTβ + β0)

where β =
∑N

i=1 αiyixi ,
β0 = ys − xT

s β for any
support vector αs > 0.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (nonseparble case)
We have to accept incorrectly classified instances in a non–separable case.
We limit the number of incorrectly classified examples.

We define slack ξ for each data point (ξ1, . . . , ξN) = ξ as follows:
ξi is the distance of xi from the boundary for xi at the wrong side of the
margin
and ξi = 0, for xi at the correct side.

We require
∑N

i=1 ξi ≤ K .
We solve the optimization problem

max
β,β0,‖β‖=1

C

subject to:

yi (xTβ + β0) ≥ C(1− ξi )

where ∀i is ξi ≥ 0 a
∑N

i=1 ξi ≤ K .
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition ‖β‖ by defining C = 1
‖β‖ and optimize

min ‖β‖subject to{ yi (xTβ + β0) ≥ (1− ξi )∀i
ξi ≥ 0,

∑
ξi ≤ constant (13)

We solve

min
β,β0

1
2‖β‖

2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi (xTβ + β0) ≥ (1− ξi ) where γ has replaced the
constantK , we cans set γ =∞ for the separable case.
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We solve

min
β,β0

1
2‖β‖

2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi (xTβ + β0) ≥ (1− ξi ) where γ has replaced the
constantK , we cans set γ =∞ for the separable case.
Lagrange multiplyers again for αi , µi :

LP = 1
2‖β‖

2 + γ

N∑
i=1

ξi −
N∑

i=1
αi [yi (xT

i β + β0)− (1− ξi )]−
N∑

i=1
µiξi

Setting the derivative = 0 we get:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

αi = γ − µi
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Substitute to get Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

and maximize LD subject to 0 ≤ αi ≤ γ a
∑N

i=1 αiyi = 0.
Solution satisfyes:

αi [yi (xT
i β + β0)− (1− ξi )] = 0

µiξi = 0[
yi (xT

i β + β0)− (1− ξi )
]
≥ 0
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Solution: β̂ =
∑N

i=1 α̂iyixi

with nonzero coefficients α̂i – these are boundary points where ξ̂i = 0 (therefore
0 < α̂i < γ), and points on the wrong side of the margin ξ̂i > 0 (and α̂i = γ. Any
point with ξ̂i = 0 can be used to calculate β̂0, typically an average is taken.
β̂0 for a boundary point ξi = 0:

αi

[
yi (xT β̂ + β̂0)− (1− 0)

]
= 0

Parameter γ settled by tuning (crossvalidation).
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Support Vector Machines

Genaralization
Let us have the training data (xi , yi )N

i=1, xi ∈ Rp, yi in {−1, 1}. We define a
hyperplane

{x : f (x) = xTβ + β0 = 0} (14)

where ‖β‖ = 1.
We classify according to

G(x) = sign
[
xTβ + β0

]
where f (x) is a signed distance of x from the hyperplane.
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Kernels

We searched for a linear boundary.
We enhance the feature space to nonlinear one.
Imagine M functions hm(x), m = 1, . . . ,M.
h(xi ) = (h1(x), . . . , hM(x)) and a decision boundary f̂ (x) = h(t)T β̂ + β̂0.

The classification function f̂ (x) = h(x)Tβ + β0 =
∑N

i=1 αiyi〈h(x), h(xi )〉+ β0
does not need evalutation of h(i), only the scalar product 〈h(x), h(xi )〉.

kernal functions are function to replace scalar product with a scalar product
in a transformed space.

dth Degree polynomial: K (x , x |) = (1 + 〈x , x |〉)d

Radial basis K (x , x |) = exp(−‖x−x |‖2
c )

Neural network K (x , x |) = tanh(κ1〈x , x |〉+ κ2)
Example: Degree 2 with two dimensional input:
K (x , x ′) = (1 + 〈x , x ′〉)2 = (1 + 2x1x ′1 + 2x2x ′2 + (x1x ′1)2 + (x2x ′2)2 + 2x1x ′1x2x ′2)
that is. M = 6, h1(x) = 1, h2(x) =

√
2x1, h3(x) =

√
2x2,

h4(x) = x2
1 ,h5(x) = x2

2 ,h6(x) =
√
2x1x2.
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Učení struktury, diskrétní proměnné

Definition (KL–divergence)
KL–divergence dvou pravděpodobnostních rozložení P,Q na stejné doméně
sp(P) = sp(Q) je definovaná jako: DKL(P||Q) =

∑
i∈sp(P) P(i)log P(i)

Q(i) .

Definition (Entropie)
Entropie pravděpodobnostního rozložení P na doméně sp(P) je definovaná jako:
H(P) = −

∑
i∈sp(P) P(i)logP(i).

Definition (Vzájemná informace (Mutual Information))
Mutual Information dvou veličin X ,Y na doménách sp(X ), sp(Y ) je definovaná
jako: I(X ; Y ) =

∑
i∈sp(X)

∑
j∈sp(Y ) P(X = i ,Y = j)log P(X=i,Y =j)

P(X=i)P(Y =j) .
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Chow–Liu Tree

Lemma
Pro stromy s interakcemi maximálně druhého řádu platí pro DKL aproximace P ′ a
vzoru P

DKL(P||P ′) = −
∑

I(Xi ,Xj(i)) +
∑

H(Xi )− H(X1, . . . ,Xn)

kde Xj(i) je rodič vrcholu Xi .

1: procedure Chow–Liu:( dataset )
2: Calculate I(A,B) for each pair of nodes
3: Find maximal spanning tree (kostru)
4: Orient edges (no head–to–head connection)
5: Learn parameters
6: # Remove orientation.
7: end procedure
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Neorientované modely s diskrétními proměnnými
Boltzmann machine (=Ising models; special case of Markov random field)

visible and hidden nodes
only pairwise interactions
binary valued nodes
constant node X0 ≡ 1.

p(X ,Θ) = exp

 ∑
(j,k)∈E

θjkXjXk − Φ(Θ)


Φ(Θ) = log

∑
x∈X

exp(
∑

(j,k)∈E

θjkXjXk)


Issing model implies a logistic form for each node conditional on the others

P(Xj = 1|X−j = x−j) = 1
1 + exp(−θj0 −

∑
(j,k)∈E θjkxk)

Restricted Boltzmann machines
dvě vrstvy, viditelná a skrytá, v rámci vrstvy žádné hrany - snáze se učí.
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Chow–Liu Tree Undirected Variant

Lemma
For models with interactions of degree maximally 2 (trees) it holds DKL the
approximation P ′ of P

DKL(P||P ′) = −
∑

(i,j)∈E

I(Xi ,Xj) +
∑

i=1...p
H(Xi )− H(X1, . . . ,Xp)

Algorithm: Chow–Liu (variant)

Calculate I(Xi ,Xj) for each
pair of nodes
Find maximal spanning tree
(kostru)
Learn parameters.

Fat11 Fatt12 Fatt13

LeanMeat

Meat11 Meat12 Meat13
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Učení Bolznamnn machine

Učení parametrů
iterativně
např. Iterative proportional fitting IPF Jiroušek and Přeučil.

Učení struktury
např. Hoefling and Tibshirany: glasso extension to discrete Markov Networks.
pořád dost pomalé a trochu nepřesné.

Restricted Boltzmann machine
učení daleko rychlejší díky podmíněné nezávislosti
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Restricted Boltzmann Machine

17.4 Undirected Graphical Models for Discrete Variables 643

Xj

Xk

Xℓ

Visible V1 Visible V2

Hidden H

θjk

FIGURE 17.6. A restricted Boltzmann machine (RBM) in which there are no
connections between nodes in the same layer. The visible units are subdivided to
allow the RBM to model the joint density of feature V1 and their labels V2.

approximation for the binary case, only yields an estimate of Σ−1. In con-
trast, in the Markov model for binary data, Θ is the object of interest, and
its inverse is not of interest. The approximate method of Wainwright et al.
(2007) estimates Θ efficiently and hence is an attractive solution for the
binary problem.

17.4.4 Restricted Boltzmann Machines

In this section we consider a particular architecture for graphical models
inspired by neural networks, where the units are organized in layers. A
restricted Boltzmann machine (RBM) consists of one layer of visible units
and one layer of hidden units with no connections within each layer. It
is much simpler to compute the conditional expectations (as in 17.37 and
17.38) if the connections between hidden units are removed 5. Figure 17.6
shows an example; the visible layer is divided into input variables V1 and
output variables V2, and there is a hidden layer H. We denote such a
network by

V1 ↔ H↔ V2. (17.39)

For example, V1 could be the binary pixels of an image of a handwritten
digit, and V2 could have 10 units, one for each of the observed class labels
0-9.

The restricted form of this model simplifies the Gibbs sampling for es-
timating the expectations in (17.37), since the variables in each layer are
independent of one another, given the variables in the other layers. Hence
they can be sampled together, using the conditional probabilities given by
expression (17.30).

The resulting model is less general than a Boltzmann machine, but is still
useful; for example it can learn to extract interesting features from images.

5We thank Geoffrey Hinton for assistance in the preparation of the material on RBMs.

Exercises 645

FIGURE 17.7. Example of a restricted Boltzmann machine for handwritten
digit classification. The network is depicted in the schematic on the left. Displayed
on the right are some difficult test images that the model classifies correctly.

second RBM that has 500 visible units and 500 hidden units. Finally, the
hidden states of the second RBM are used as the features for training an
RBM with 2000 hidden units as a joint density model. The details and
justification for learning features in this greedy, layer-by-layer way are de-
scribed in Hinton et al. (2006). Figure 17.7 gives a representation of the
composite model that is learned in this way and also shows some examples
of the types of distortion that it can cope with.

Bibliographic Notes

Much work has been done in defining and understanding the structure of
graphical models. Comprehensive treatments of graphical models can be
found in Whittaker (1990), Lauritzen (1996), Cox and Wermuth (1996),
Edwards (2000), Pearl (2000), Anderson (2003), Jordan (2004), and Koller
and Friedman (2007). Wasserman (2004) gives a brief introduction, and
Chapter 8 of Bishop (2006) gives a more detailed overview. Boltzmann
machines were proposed in Ackley et al. (1985). Ripley (1996) has a detailed
chapter on topics in graphical models that relate to machine learning. We
found this particularly useful for its discussion of Boltzmann machines.

Exercises

Ex. 17.1 For the Markov graph of Figure 17.8, list all of the implied condi-
tional independence relations and find the maximal cliques.

Machine Learning Linear methods for classification 5 226 - 248 March 30, 2021 144 / 315



Markov Properties (Zeros are dangerous)

Definition (Markov properties: Global, Local, Pairwise)
Let G be an undirected graph over V .

(GM) A probability measure P over V is (globally) Markov with respect to G iff

∀(A,B ∈ V , C ⊆ V ) A ⊥⊥G B|C ⇒ A ⊥⊥ B|C v P.

(LM) A probability measure has local Markov property iff
(∀A ∈ V ) : A ⊥⊥ V \ FaA|NA [P]

(PM) A probability measure has pairwise Markov property iff ∀A,B ∈ V ,A 6= B
not connected by an edge holds A ⊥⊥ B|V \ {A,B} [P]

Theorem
These properties are equivalent for stricty positive measures.

Counterexamples for measures with zero probability everywhere except (0, 0, 0)
and (1, 1, 1).
See [Milan Studený:Struktury podmíněné nezávislosti, Matfyzpress 2014]..
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Examples

Example
V = {A,B,C},E = {(b, c)}. Let us have a
binary probability measure V nonzero at points
(0, 0, 0) and (1, 1, 1) [Studený p.101].
A ⊥⊥ B|{C}
A ⊥⊥ C |{B}& does not imply A ⊥⊥ BC |{}.

A B C

Example
V = {A,B,C},E = {(b, c)}. Let us have a
binary probability measure V nonzero at points
(0, 0, 0, 0) and (1, 1, 1, 1) [Studený p.101].
A ⊥⊥ CD|{B}
B ⊥⊥ CD|{A}
C ⊥⊥ AB|{D}
D ⊥⊥ AB|{C}

& does not imply A ⊥⊥ C |{}.

A

B

C

D
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Separating hyperplane, Optimal separating hyperplane

Classification, we encode the goal class by −1 and 1, respectively.
separate the space x by a hyperplane
not necessary optimal for LDA;
logistic regression finds one if it exists
Perceptron finds separating hyperplane if it exists
exact position depends on initial parametersElements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.14. A toy example with two classes sep-
arable by a hyperplane. The orange line is the least
squares solution, which misclassifies one of the train-
ing points. Also shown are two blue separating hyper-
planes found by the perceptron learning algorithm with
different random starts.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (separble case)

We define Optimal Separating Hyperplane as a separating hyperplane with
maximal free space C without any data point around the hyperplane.
Formally:

max
β,β0,‖β‖=1

C

subject to yi (xT
i β + β0) ≥ C for all i = 1, . . . ,N.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 12
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

x0
x

β∗
β0 + βT x = 0

FIGURE 4.15. The linear algebra of a hyperplane
(affine set).
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Formally:
max

β,β0,‖β‖=1
C

subject to yi (xT
i β + β0) ≥ C for all i = 1, . . . ,N.

We re-define: ‖β‖ = 1 can be moved to the condition (and redefine β0):

1
‖β‖

yi (xT
i β + β0) ≥ C

Since for any β and β0 satisfying these inequalities, any positively scaled multiple
satisfies them too, we can set ‖β‖ = 1

C and we get:

min
β,β0

1
2‖β‖

2

subject to yi (xT
i β + β0) ≥ 1 pro i = 1, . . . ,N.

This is a convex optimization problem. The Lagrange function, to be minimized
w.r.t. β and β0, is:

LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].
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LP = 1
2‖β‖

2 −
N∑

i=1
αi [yi (xT

i β + β0)− 1].

Setting the derivatives to zero, we obtain:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

Substituing these in LP we obtain the so–called Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
The solution is obtained by maximizing LD in the positive orthant, for which
standard software can be used.
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LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

subject to αi ≥ 0
In addition the solution must satisfy the Karush–Kuhn–Tucker conditions:

αi [yi (xT
i β + β0)− 1] = 0

for any i , therefore for any αi > 0 must [yi (xT
i β + β0)− 1] = 0, that means xi is

on the boundary of the slab and for all xi outside the boundary is αi = 0.
The boundary is defined by xi with αi > 0 – so called support vectors.
We classify new observations
Ĝ(x) = sign(xTβ + β0)

where β =
∑N

i=1 αiyixi ,
β0 = ys − xT

s β for any
support vector αs > 0.

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 4

FIGURE 4.16. The same data as in Figure 4.14.
The shaded region delineates the maximum margin sep-
arating the two classes. There are three support points
indicated, which lie on the boundary of the margin, and
the optimal separating hyperplane (blue line) bisects the
slab. Included in the figure is the boundary found using
logistic regression (red line), which is very close to the
optimal separating hyperplane (see Section 12.3.3).
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Optimal Separating Hyperplane (nonseparble case)
We have to accept incorrectly classified instances in a non–separable case.
We limit the number of incorrectly classified examples.

We define slack ξ for each data point (ξ1, . . . , ξN) = ξ as follows:
ξi is the distance of xi from the boundary for xi at the wrong side of the
margin
and ξi = 0, for xi at the correct side.

We require
∑N

i=1 ξi ≤ K .
We solve the optimization problem

max
β,β0,‖β‖=1

C

subject to:

yi (xTβ + β0) ≥ C(1− ξi )

where ∀i is ξi ≥ 0 a
∑N

i=1 ξi ≤ K .

Elements of Statistical Learning (2nd Ed.) c©Hastie, Tibshirani & Friedman 2009 Chap 12
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FIGURE 12.1. Support vector classifiers. The left
panel shows the separable case. The decision boundary
is the solid line, while broken lines bound the shaded
maximal margin of width 2M = 2/‖β‖. The right panel
shows the nonseparable (overlap) case. The points la-
beled ξ∗j are on the wrong side of their margin by an
amount ξ∗j = Mξj; points on the correct side have
ξ∗j = 0. The margin is maximized subject to a total
budget

P

ξi ≤ constant. Hence
P

ξ∗j is the total dis-
tance of points on the wrong side of their margin.
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Optimal Separating Hyperplane (nonseparble case)

Again, we omit replace the condition ‖β‖ by defining C = 1
‖β‖ and optimize

min ‖β‖subject to{ yi (xTβ + β0) ≥ (1− ξi )∀i
ξi ≥ 0,

∑
ξi ≤ constant (10)

We solve

min
β,β0

1
2‖β‖

2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi (xTβ + β0) ≥ (1− ξi ) where γ has replaced the
constantK , we cans set γ =∞ for the separable case.
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We solve

min
β,β0

1
2‖β‖

2 + γ

N∑
i=1

ξi

subject to ξi ≥ 0 and yi (xTβ + β0) ≥ (1− ξi ) where γ has replaced the
constantK , we cans set γ =∞ for the separable case.
Lagrange multiplyers again for αi , µi :

LP = 1
2‖β‖

2 + γ

N∑
i=1

ξi −
N∑

i=1
αi [yi (xT

i β + β0)− (1− ξi )]−
N∑

i=1
µiξi

Setting the derivative = 0 we get:

β =
N∑

i=1
αiyixi

0 =
N∑

i=1
αiyi

αi = γ − µi
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Substitute to get Wolfe dual:

LD =
N∑

i=1
αi −

1
2

N∑
i=1

N∑
k=1

αiαkyiykxT
i xk

and maximize LD subject to 0 ≤ αi ≤ γ a
∑N

i=1 αiyi = 0.
Solution satisfyes:

αi [yi (xT
i β + β0)− (1− ξi )] = 0

µiξi = 0[
yi (xT

i β + β0)− (1− ξi )
]
≥ 0
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Solution: β̂ =
∑N

i=1 α̂iyixi

with nonzero coefficients α̂i – these are boundary points where ξ̂i = 0 (therefore
0 < α̂i < γ), and points on the wrong side of the margin ξ̂i > 0 (and α̂i = γ. Any
point with ξ̂i = 0 can be used to calculate β̂0, typically an average is taken.
β̂0 for a boundary point ξi = 0:

αi

[
yi (xT β̂ + β̂0)− (1− 0)

]
= 0

Parameter γ settled by tuning (crossvalidation).
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Support Vector Machines

Genaralization
Let us have the training data (xi , yi )N

i=1, xi ∈ Rp, yi in {−1, 1}. We define a
hyperplane

{x : f (x) = xTβ + β0 = 0} (11)

where ‖β‖ = 1.
We classify according to

G(x) = sign
[
xTβ + β0

]
where f (x) is a signed distance of x from the hyperplane.
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Kernels

We searched for a linear boundary.
We enhance the feature space to nonlinear one.
Imagine M functions hm(x), m = 1, . . . ,M.
h(xi ) = (h1(x), . . . , hM(x)) and a decision boundary f̂ (x) = h(t)T β̂ + β̂0.

The classification function f̂ (x) = h(x)Tβ + β0 =
∑N

i=1 αiyi〈h(x), h(xi )〉+ β0
does not need evalutation of h(i), only the scalar product 〈h(x), h(xi )〉.

kernal functions are function to replace scalar product with a scalar product
in a transformed space.

dth Degree polynomial: K (x , x |) = (1 + 〈x , x |〉)d

Radial basis K (x , x |) = exp(−‖x−x |‖2
c )

Neural network K (x , x |) = tanh(κ1〈x , x |〉+ κ2)
Example: Degree 2 with two dimensional input:
K (x , x ′) = (1 + 〈x , x ′〉)2 = (1 + 2x1x ′1 + 2x2x ′2 + (x1x ′1)2 + (x2x ′2)2 + 2x1x ′1x2x ′2)
that is. M = 6, h1(x) = 1, h2(x) =

√
2x1, h3(x) =

√
2x2,

h4(x) = x2
1 ,h5(x) = x2

2 ,h6(x) =
√
2x1x2.
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