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Latent Dirichlet Allocation

Topic modeling: Formally, we define the following terms:
I word (slovo) - an item from a vocabulary {1, . . . ,V }, vektor s právě

jednou jedničkou
I document - a sequence of N words w = (w1, . . . ,wN)
I A corpus is a collection of M documents denoted by

D = w1,w2, . . . ,wM .
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LDA Latend Dirichlet Allocation

I LDA assumes the following generative process for each document w
in a corpus D :

I Choose N ≈ Poisson(ξ).
I Choose θ ≈ Dirichlet(α).
I For each of the N words wn :

I Choose a topic zn ≈ Multinomial(θ) (Categorical(θ)).
I Choose a word wn from p(wn|zn, β), a multinomial probability

conditioned on the topic zn
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Document length - Poisson distribution
I ξ- rate; p(N) = ξN e−ξ

N!
I E (p(N)) = ξ
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Beta distribution - Positive and negative examplees

I Beta distribution
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Document topic ratios θ - Dirichlet distribution

I Generalized Beta distribution
I Parameters K ≥ 2 number of categories (integer), α1, . . . , αK

concentration parameters, where αi > 0
I θ1, . . . , θK where θi ∈ (0, 1) and

∑K
i=1 θi = 1

I PDF 1
B(α)

∏K
i=1 θ

αi−1
i where B(α) =

∏K
i=1

Γ(αi )

Γ
(∑K

i=1
αi

) where

α = (α1, . . . , αK )

(clockwise, starting from the upper left corner): (1.3, 1.3, 1.3), (3,3,3),
(7,7,7), (2,6,11), (14, 9, 5), (6,2,6)
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Expectation ln(θ) - Digamma function

E[ln θi ] = ψ(αi )− ψ(
∑

k αk)

ψ(x) = d
dx ln(Γ(x)) = Γ′(x)

Γ(x)

Γ(n) = (n − 1)!

Γ(x) =
∫ ∞

0
ux−1e−udu
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Topic zn and word wn probabilities

Uff. Konečně diskrétní.
I zn one topic; Multinomial with probabilities θ,

∑
i θi = 1

I categorical (r=1): select zn according probabilities θ.
I p(x) = θ

[x=1]
1 · · · θ[x=k]

k
I binomial: k = 2, number of successes in r trials.

I Multinomial - r samples, histogram x1, . . . , xk :
I f (x1, . . . , xk |r , θ1, . . . , θk) = r !

x1!···xk !θ1
x1 · · · θk

xk

I f (x1, . . . , xk |θ1, . . . , θk) =
Γ(
∑

i
xi +1)∏

i
Γ(xi +1)

∏k
i=1 θ

xi
i

Word probability
I discrete conditional βij = p(wj = 1|zi = 1)
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Document, Corpus probability

I Join probability for a single document

p(θ, z,w|α, β) = p(θ|α)
N∏

n=1
p(zn|θ)p(wn|zn, β)

I document ’marginal’ probability

p(w|α, β) =
∫

p(θ|α)
N∏

n=1

∑
zn

p(zn|θ)p(wn|zn, β)dθ

I corpus ’marginal’ probability

p(D|α, β) =
M∏

d=1

∫
p(θd |α)

Nd∏
n=1

∑
zdn

p(zdn|θ)p(wdn|zdn, β)dθd

We search α, β maximizing p(D|α, β).
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Word and topic sipmlex
The topic simplex for three topics embedded in the word simplex for

three words
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Inference

I First, we need θ and z for a given document (’Estimation of hidden
variables’).

I We want:
p(θ, z|w, α, β) = p(θ, z,w|α, β)

p(w|α, β)

p(w|α, β) =
∫

p(θ|α)
N∏

n=1

∑
zn

p(zn|θ)p(wn|zn, β)dθ

= Γ(
∑

i αi + 1)∏
i Γ(αi + 1)

∫ ( k∏
i=1

θαi−1
i

)( N∏
n=1

k∑
i=1

V∏
j=1

(θiβij)w j
n

)
dθ

Calculation intractable, we use approximation.
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Variational Inference
I we remove edges - coupling between θ, z ,w
I we consider set of distributions parametrized by γ, φn:

q(θ, z |γ, φ) = q(θ|γ)
N∏

n=1
q(zn|φn)

I finding a thight lower bound on log-likehood corresponds to
minimizing KL-divergence D:

(γ∗, φ∗) = argmin(γ,φ)D(q(θ, z |γ, φ)||p(θ, z |w , α, β))

I by setting derivatives zero we get:

φni ← βn
iw expEq[log(θi )|γ] = βn

iw exp(Ψ(γi )−Ψ(
k∑

j=1
γj)

γi ← αi +
N∑

n=1
φni

I complexity roughly O(N2k).
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LDA Hidden Variables Estimation
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Parameter Estimation (Learning)

LL(α, β; D) =
M∑

d=1
log p(wd |α, β)

(variational) EM-algorithm
I E: find {(γ∗d , φ∗d |d ∈ D)}
I M:

I βij ∝
∑M

d=1

∑Nd
n=1 φ

∗
dni w j

dn
I α iteratively (Newton-Raphson method)
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Vyhlazování

I Přidáme ’prior’ β a nový variational parametr λ a aproximujeme
pomocí:

q(β1:k , z1:M , θ1:M |λ, φ, γ) =
k∏

i=1
Dirichlet(βi |λi )

M∏
d=1

qd (θd , zd |φd , γd )

I We get the update: λij ∝ η +
∑M

d=1
∑Nd

n=1 φ
∗
dniw

j
dn
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Dirichlet-multinomial

α0 =
∑
αk

P(x |α) = n!Γ(α0)
Γ(n + α0)

K∏
k=1

Γ(xk + αk)
xk !Γ(αk) = nBeta(α0, n)∏

k:xk>0 Beta(αk , xk)

LDA: Z topics, nk
v number of word v in topic k

P(W |α,Z ) =
K∏

k=1
DirMult(Wk |Z , α) =

K∏
k=1

Γ(
∑

v αv )
Γ(
∑

v nk
v + αv )

V∏
v=1

Γ(nk
v + αv )

Γ(αv )

Urn model
I vracím 2 od barvy: Dirichlet-multinomial
I vracím 1 od barvy: multinomial
I nevracím: multivariate hypergeometric distribution
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CTMP

Collaborative Topic Model for Poisson distributed ratings
Hoa M. Le, Son Ta Cong, Quyen Pham The, Ngo Van Linh, Khoat Than

International Journal of Approximate Reasoning 95 (2018) 62–76

CTR- gaussian R, CTPM - poisson R.
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I For each user u, draw ηu where ηuk ∝ Gamma(e, f )
I For each item j :

I (a) Draw topic proportion θj ∝ Dirichlet(α)
I For the n-th word of item j:

I Draw topic index zjn ∝ Categorical(θ)j
I Draw word wjn ∝ Categorical(βzjn )
I Draw latent factor µj ∝ N(θj , λ−1IK )

I For each user-item pair (u, j) , draw ruj ∝ Poisson(ηT
u µj)
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Predictive Score
I For a given document j and a user u we predict a score sju
I sju ≈ µj · rteu

shpu
.

I rteuk
shpuk

= Eq(ηuk |shpuk ,rteuk )[ηuk ] ≈ E [ηuk |D, µjk ]
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I To be honest, intermediate variable y , which ruj =
∑K

k=1 yujk and
yujk ≈ Poisson(ηukµjk)

Log likelihoood to be optimized

I

I last term approximated by

q(ηu, yuj) = q(yuj |ruj , φuj)
K∏

k=1
q(ηuk |shpuk , rteuk)

I with distributions q(yuj |ruj , φuj) = Mult(yuj |ruj , φuj),
q(ηuk |shpuk , rteuk) = Gamma(ηuk |shpuk , rteuk)
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Function to be maximized
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Experiments
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Sparse/general topics
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